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Abstract 

A unified description of fermionic mixing is proposed which assumes that in 
certain basis (*) a single complex unitary matrix V diagonalizes mass matrices of 
all fermions to the leading order, (ii) the SU( 5) relation M c i = Mj exists between 
the mass matrices of the down quarks and the charged leptons, and (in) M\ = M ( j. 
These assumptions automatically lead to different mixing patterns for quarks and 
leptons: quarks remain unmixed to leading order ( i. e. Vckm = -0 while leptons 
have non-trivial mixing given by a symmetric unitary matrix Vpmns = V T V. V 
depends on two physical mixing angles and for values of these angles ~ 20° — 25° 
it reproduces the observed mixing patterns rather well. We identify conditions 
under which the universal mixing V follows from the universal mass matrices of 
fermions. Relatively small perturbations to the leading order structure lead to the 
CKM mixing and corrections to Vpmns■ We find that if the correction matrix equals 
the CKM matrix, the resulting lepton mixing agrees well with data and predicts 
sin 0i3 > 0.08. In a more general context, the assumption of partial universality, 
(he. different mixing for the up and the down components of doublets) is shown to 
lead to a complementarity relation VpmnsVckm = V T V in the lowest order. 
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1 Introduction 


Experimental results show striking differences in the mixing patterns of quarks and lep¬ 
tons: The quarks retain their flavour approximately and mix very little; leptons mix 
strongly; two of the three leptonic mixing angles are large and one of them may even be 
maximal. Understanding these differences among quarks and leptons could be a key step 
to the theory of fermion masses and this problem is extensively discussed now [ 1 ]. 

It may happen that quarks and leptons are fundamentally different: The large leptonic 
mixing or possible quasi-degenerate structure of the neutrino mass spectrum may be 
signals of some special symmetry operating in the leptonic sector alone. In particular, 
the maximal (or close to maximal) atmospheric mixing and vanishing (very small) sin $13 
indicate presence of symmetry like the /j — r interchange symmetry [2], Degeneracy of 
spectrum and inverse mass hierarchy may be considered as an evidence of the L e — L^ — L r 
lepton number symmetry [3]. 

Alternatively, the leptonic world may not be special and there may be underlying 
quark-lepton symmetry or unification. There are different ways to reconcile the quark- 
lepton unification with strongly different patterns of quark and lepton mixings. For ex¬ 
ample, the 577(5) relation [ 1 ] 

Mi = Mj (1) 

between the down quark and the charged lepton mass matrices can simultaneously ac¬ 
commodate small quark and large leptonic mixing angles if the matrices ( 1 ) have lopsided 
form [4, 5]. In 50(10) the b — r unification [ 6 ] can be related to large leptonic mixing if 
neutrino masses dominantly come from interactions with the Higgs triplets [7]. 

The quark-lepton symmetry may take more general form than that stipulated in grand 
unified theories and attempts to understand fermionic mixing along these lines postulate 
some universal form for all fermionic mass matrices. The observed differences arise from 
small perturbations to this unified description. Two examples discussed in the literature 
are the democratic mass matrices [ 8 ] and singular structure with hierarchical matrix ele¬ 
ments [9]. First two generations of fermions remain massless in these ansatz and therefore 
small perturbations can make large differences in mass hierarchies and furthermore the 
seesaw mechanism with nearly singular mass matrix of the RH neutrinos lead to enhance¬ 
ment of lepton mixing [9]. While strictly maximal mixing is difficult to reconcile in this 
picture, the large leptonic mixing can be reproduced in agreement with data. 

The quark-lepton unification may have the form of quark-lepton complementarity [10, 
11 ]: the data indicate that quark and lepton mixing angles (at least for the Erst and 
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second generations) sum np to maximal mixing, d[ 2 = 7r/4 — 9c, where Qc is the Cabibbo 
angle. This last equality may imply that there is (i) some structure in the leptonic sector 
(only) which generates maximal (bi-maximal) mixing and (ii) the quark-lepton symmetry 
which propagates the CKM - mixing from quarks to leptons. In view of strong difference 
of the mass hierarchies in the quark and lepton sectors the later implies that the CKM 
mixing matrix weakly depends on the mass hierarchies. 

The aim of this paper is to discuss an alternative form of quark-lepton universality. 
This form is strongly motivated by grand unified theories, particularly, eq. (1) and has 
the virtue that different patterns for quark and lepton mixing is built into this universal 
ansatz. It is assumed that in certain (universality) basis the relation between the basis 
states and the mass eigenstates of all fermions is determined by a universal (complex) 3x3 
unitary matrix V (or its conjugate). In addition, if eq. (1) is also imposed then quarks and 
leptons are automatically distinguished: The CKM matrix is unity: Vckm = V^V, while 
its leptonic analogue - the PMNS matrix [12] Vpmns — V T V - contains two non-trivial 
mixing angles. These angles are related to the structure of V and can assume large values 
even when angles specifying the basic mixing matrix V are relatively small, of the order 
of the Cabibbo angle. The corrections to basic ansatz are required in order to generate a 
non-trivial Vckm ■ The same (or similar) corrections also modify Vpmns, so that a kind 
of complementarity relation appears in which quarks and lepton mixing angles sum up to 
the angles of V T V instead to the maximal ones as in [10]. 

We discuss our ansatz in the next section. Properties of the zero order mixing are de¬ 
scribed subsequently in section 3 and 4. Section 5 contains analysis of possible corrections 
to these ansatz assuming that departures from universality in the quark and lepton sectors 
are correlated. We consider a specific scheme of perturbation in section 6 which leads to 
such departures. A possibility of embedding scenario into Grand Unification theory is 
outlined in section 7. Some comments on this approach and summary are contained in 
section 8. 

2 Ansatz 

Our ansatz is based on the relations among fermionic masses that follow in grand unified 
theories. The minimal version of SU( 5) implies relation (1) and a symmetric up quark 
mass matrix M u . The Dirac neutrino mass matrix M u p gets related to M u in 50(10) 
models - the minimal version giving 

M t u =M U = M vD . (2) 
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It is possible to obtain 50(10) models which simultaneously satisfy equalities (1,2). We 
first consider implications of the above mass relations for mixing and then make additional 
plausible assumptions to arrive at a universal mixing ansatz. 

We assume that to leading order in some approximation, the upper (up quarks, neu¬ 
trinos) and the lower (d quarks, charged leptons) components of all the weak doublets are 
diagonalized by (complex) unitary matrices V' and V respectively. Specifically, assume 

v« M°y* = D° u ; v« M» D V' = D% f 
V^M°V = D° d ; V t M"V* = D® . (3) 

D ° above refer to the diagonal mass matrices of fermions and superscript 0 is used to 
denote the leading order. The first of these relations is based on the 50(10) equality (2) 
which in other way around follows from it if D® = D® d . Likewise, relation (1) follows 
from eq. (3) when D d = Df. An assumption of a hermitian Md is made here which 
does not appear in 50(5) but it can be achieved by imposing the left-right symmetry in 
addition. The light Majorana neutrino mass matrix is assumed to be diagonalized in the 
same way as up-quarks: 

V' f My'* = D° u . (4) 

The later can be reproduced by the seesaw mechanism if the Majorana mass matrix of 
the RH neutrinos Mr is also diagonalized as M®: 

= EP r . (5) 

Then for light neutrinos we have (in the basis uu*) 

Ml = = -V'D^D^ 1 D° d V' t ( 6 ) 

which satisfies eq.(4). 

Eqs.(3,4) imply that in the leading order the mixing matrix for quarks equals 

VSkm = V"V, (7) 

and for leptons 

VpMNS = V T V' . (8) 

These equalities lead to the relation (apparently V' = VVq KM ): 

Vpmns = V T Wckm- ( 9 ) 
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For complex V, V T V is non trivial with the result that the lepton and quark mixings can 
be different in spite of unifying relations among their mass matrices. From (9) we obtain 

VpMNsVcKhl = V 1 V ( 10 ) 

which shows a kind of the quark-lepton complementarity: quark and lepton mixing angles 
add up to the angles of the V T V matrix. This complementarity differs from the one 
considered in the literature [10, 11] in which Vp MNS is assumed to have the bi-maximal 
or tri-maximal [13] form and Vckm arises as a correction to it. It is not always possible 
to obtain such mixing in a natural way while the relation (9) follows naturally from the 
GUT relations supplemented with additional assumptions of hermitian M d and equality 
(5). 

The smallness of the CKM mixing angles requires V' ~ V. This suggests a universal 
ansatz in which V' is equated to V to leading order in some approximation. This ansatz 
provides a universal description of all fermion mixings with the property that the lcptonic 
mixing remains non-trivial, i.e., substituting V' = V in eq. ( 8 ), we obtain Vq KM = 
VW = I and 

VPMNS = V T V. (11) 

Let us denote by / the fermion basis which corresponds to the universal description. 
Then from eq. (3) we obtain that / are related to the mass basis as 

d L = Vd L ; l L = V*l L ; f L = Vf L , ( f = u,u ) . (12) 

Let us emphasize that the different transformation properties of the charged lepton (com¬ 
pared to down quarks) are responsible for generating a non-trivial PMNS matrix. We 
shall designate this ansatz as version I. 

In an alternative version - to be called version II of the ansatz the neutrino transforma¬ 
tion property is different compared to the up-quarks. This version is based on the unified 
mass formula in the minimal S'O(IO) according to which Mi and M d are also symmetric 
and are proportional to the up quark mass matrix. So, they are all diagonalized by the 
same matrix and thus V = V': 

V^M° f V* = D° f , f = u, d, l. (13) 

Also the Dirac mass matrix of neutrinos may have the same property as in (13). It is how¬ 
ever assumed that the left handed neutrino components transform differently compared 
to eq. (12): 

Fl = DV,, (14) 
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so that eqs.(13,14) now imply Vq KM = V^V = I, and 

V?MNS = V'V . (15) 

In this version the PMNS matrix differs from the earlier version (eq. (11)) by complex 
conjugation. 

The different transformation properties of the neutrino compared to the up-quark may 
arise from some special structure of Mr. However more appealing possibility is that the 
usual seesaw (type-I) just suppresses the neutrino Dirac mass and the main contribution 
to the neutrino mass matrix comes from the type-II seesaw [7] with 

V T M.y = Dl . (16) 

Let us underline several points in connection with the proposed ansatz. 

• The quark-lepton universality can be reconciled with difference of quark and lepton 
mixings. In contrast to previous proposals of the quark-lepton universality [8, 9] 
this difference appears already in the lowest order. 

• The ansatz (12) distinguishes between the charged leptons and other fermions if V 
is complex. The GLIT relation (1) provides a basis of introducing this distinction 
which results in different mixing patterns between quarks and leptons. 

• Equation (1) is known [1, 4] to lead to different patterns of quark and lepton mixing 
if has non-symmetric and lopsided form. The lopsided form is not required in 
the present ansatz and hermitian M° as implied by eq. (3) is sufficient to produce 
the differences in quark and lcptonic mixings. 

• In the ansatz II special form of transformations of neutrinos can be related to 
different origin (e.g. see-saw type II) and smallness of neutrino masses. 

• Mixing among fermions is universal but their mass matrices need not be so unless 
all D f j- are proportional and V is real. In view of the strong hierarchy in masses, it 
is natural to assume that only the third generation is massive in which case, M ( j for 
all / can be related to a universal matrix as we will show. 

• The ansatz remains unspecified until V is given. If V were to describe only quark 
mixing then different choices of V would be equivalent at the leading order. But 
due to eqs. (12,14), V acquires a physical content and gets related to Vpmns- 
This allows direct experimental determination of the universal basis unlike other 
universality ansatzs [8, 9] proposed before. 
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Since Vckm = / to the lowest order, some additional sources of fermion masses should 
exist. In general, they will also contribute to lepton mixing. We assume that this addi¬ 
tional mixing is small - of the order of the Cabibbo mixing, so that Vp MNS = V T V can 
be considered as the lepton mixing in the lowest order approximation. 

3 Properties of the zero order mixing matrix 

Let us explore properties of the mixing matrix Vp MNS = V T V. The results are applicable 
to both versions of the universality. Apparently Vp MNS is a symmetric unitary matrix 
which can be parameterized 1 as 


T/° 

v PM NS 


u 


PUP 

( C0 CfpSQ SffrSQ \ 

-c^se - c^ce -c^s^cg + e ia ) , 

V -SfSg -CfS^co + e ia ) e ia cl - c e sl ) 


(17) 


where eg = cos0, c$ = cos0, etc., 9, cj) and a are new free parameters. P is a phase 
matrix: 


P = diagonal^, e i<r , 1) . 


(18) 


The matrix P on the left hand side of U in eq. (17) can be rotated away by redefining 
the charged lepton holds. The one on the right hand side contains the Majorana phases 
associated with the neutrino fields. 

The Vp MNS depends on two instead of three mixing angles which implies restrictions 
on the physical parameters. Comparing eq.(17) with mixing matrix in the standard 
parameterization [1] we obtain the following expressions for the standard mixing angles: 


tan 9 12 = 

— cos 0 tan 0, 

sin 0 i 3 = 

— sin (j) sin 0, 

sin 023 = 

sin (f) cos 4 >{cos 0 + e lot ) 

J1 — sin 2 (j) sin 2 0 


(19) 


Using these relations we find lines of constant values of the observables in the <f> — 0 

plane which are shown in Fig. 1. Notice that only 9 2 3 depends on the phase a. The Fig. 

1 corresponds to a = 0. With increase in a the angle 623 decreases and therefore the 

corresponding iso-contours shift to larger <fi and 9. 

1 The above parameterization was used in [14] to describe mass matrix for the degenerate neutrinos. 
Here it describes mixing matrix. Our choice differs from the one in [14] by an interchange 9 —> —9. 
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Figure 1: The contours of constant values of neutrino oscillation parameters in the 
0 — 9 plane for a symmetric PMNS matrix. The dotted curves correspond to 612 = 
10°(left most), 19°, 34°, 37.5°. The dashed curves correspond to sin 2 2d 23 = 1-0 and the 
solid ones - to sind 13 = 0.08 (left most), 0.14, 0.25. 


An important consequence of the restricted form for Vp MNS is that it can not repro¬ 
duce the bi-maximal (as well as tri-bimaximal [13]) mixing matrix which implies zero 1-3 
mixing. Indeed, according to (19), the condition sin $13 = 0 requires that either the solar 
or the atmospheric angle vanishes. Conversely, 6 12 = d 23 = 45° lead to unacceptable value 
sind 13 £3 0.7 unless some other sources of masses and mixing compensate this zero order 
mixing. 

Vpmns can, however, provide a good zeroth order approximation. In particular, it 
can be a source of single maximal mixing. For maximal 2-3 mixing we find the isoline 
tan 0‘ 2 :i = — 1 : 


cos 9 = 


tan 0 


( 20 ) 


tan 0(1 + tan 0 ) 

The central measured values 9 12 = 34° and d 23 = 45° can be achieved at 0 = 25° and 
9 = 37°. This gives sin#^ = 0.25 which is above the 3<v allowed region. However 
corrections to the 1-3 mixing of the Cabibbo angle size, A # 13 ~ 9c = 13° can easily 
lead to the acceptable values. The best fit isolines for 9\ 2 and d 23 also cross in Fig. 1 at 
0 = 76°, 9 = 80°, which implies sin # 13 = 0.95. The latter is too large to be properly 







corrected by the Cabibbo angle scale. 

According to Fig. 1, the la acceptable values of 1-3 mixing, sind 13 < 0.14, require 
(for maximal 2-3 mixing) that $i 2 < 19°. So, additional contribution to the 1-2 mixing of 
the order 9q from some other source can bring the 1-2 mixing angle back to the central 
measured value. Notice that for such a possibility 6 ~ 21°, 0 ~ 23°. Next generation of 
the experiments (Double CHOOZ [16], JPARC[17]) may improve the bound on 1-3 mixing 
down to sin $13 < 0.08 (90% C.L.). In this case (see Fig. 1) the maximal 2-3 mixing would 
require 612 < 10° which is not possible to correct by the Cabibbo-type rotation. 

For non-zero 612 and $23 the lower bound on sin $13 appears which can be quantified 
in the following way. According to eqs. (17, 19) 


sin $ 13 1 > 


> 


I VjA 
IU 2 I 

sin 8 2 3 


sin$ 


(1 - |Kl|) 

(1 — IKil) > 


sin $• 


23 | 


12 


sin$ 


(1 - | cos$ 12 1 ), 


( 21 ) 


12 


where equality holds if a = 0. Here 1% are the elements of the PMNS matrix. For central 
values of the mixing angles, eq. (21) gives |sin$ 13 | > 0.23. This bound weakens with 
decrease of $ i2 and $ 23 . Taking the 3tr lower values for these angles we find from eq. (21): 

| sin $ 131 > 0.16 which is at the 2 a upper bound. 

For non-zero a the 1-3 mixing equals 


sin $13 


\M 

IK2I 


(i - IKO 



2 cos$(l — cos a) 
(1 + cos $) 2 



( 22 ) 


One can see that expected value of sin$i 3 increases with a, thus worsening the overall fit. 

The matrix Vp MNS alone (without corrections) does not reproduce well the observed 
lepton mixing matrix. The best global fit of the data would correspond to (2 — 3)cr lower 
values of $ i2 and $ 23 and 9 ri at (2 — 3 )a upper bound. This fit corresponds to 


0 ~ 19° — 25° ; $ « 30° - 40°, a = 0, 


(23) 


which can be read-off from Fig. 1. Clearly region above the upper bound on 1 -3 mixing 
worsens the fit. 

The neutrino masses that follow from the leading order expression, eq.( 6 ) are im¬ 
mediately determined by the eigenvalues of the Dirac and Majorana mass matrices: 
D ° = —DpD^ 1 Dp ) . In particular, for the ratio we obtain: 

m °u 2 = ( m 2D\ 2 Ml (OA\ 

\m° 3D ) M 2 ° ' 
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4 Universal mixing and universal mass matrices. 

The phenomenological determination of Vp MNS can be directly used to obtain V and 
hence the fermion mass matrices in the lowest order in the universal basis. By definition, 
V satisfies the equality 

V"V$ MNS V' = I (25) 

which means that V can be determined from diagonalization of Vp MNS . In this way we 
find 

V = D*VP , (26) 

where P is given by eq. (18); the diagonal matrix D 

D — diag(l, i, 1) (27) 

plays crucial role in generation of the non-zero lepton mixing and 

/ cos | — cos (f) sin | — sin (p sin | \ 

V = — sin | — cos <p cos | — sin <p cos | . (28) 

\ 0 sin 0e* a//2 — cos <pe ia / 2 / 

It can be represented as V = Z a Ri2(9/2)R23(4>)Zi 1 where Z a = diag{ 1,1, e* a / 2 ), Z 2 = 
diag( 1, —1, —1). The matrix V is determined from Vp MNS only up to an orthogonal 
transformations O, since V and OV both lead to the same Vp MNS and unit Vckm■ All 
leading structures differing by O are thus physically equivalent and we shall choose 0 — 1. 

Notice that the basic mixing angles appearing in eq.(28), (p ~ 9/2 ~ 0(15° — 20°), are 
relatively small - not far away from the Cabibbo angle. Starting with such a small mixing, 
the above ansatz is able to reproduce the leptonic phenomenology reasonably well. 

Using relations (3 - 5) (with V' = V) and expression for V (26) we can write the mass 
matrices in the universal basis as 

M° up = D*VP 2 Dl p V T D\ {up = u, i jD, R), 

M° = D*VD%V*D, M? = DV*D/V t D\ 

for the version I and 

M° f = D*VP 2 D)V t D\ (/ = u, d, /), (31) 

Ml = DV*P* 2 D/V ] D, (32) 

for the version II. 


(29) 

(30) 


10 



Natural origin of the universality of mixing proposed in this paper would be univer¬ 
sality of the mass matrices, at least in some approximation. 

According to (29 - 32), M ( j for all fermions can be related to the same universal mass 
matrix in the approximation in which only the third generation fermions are massive, i.e. 
D°f = diag( 0, 0 ,m 3 f) and a — 0. (The later is required by phenomenology.) In this case, 
eqs. (3,5) and (26) give 

Ml = m 3u D*MD*, Ml = m 3u D*MD*, = m 3d D*MD , M { ° = m 3l DMD\ (33) 


in the first version, and 


M° f = m 3f D*MD *, (/ = u, d, /), M° = m 3u DMD (34) 


in the second version. The universal matrix M can be written as 



S^SoCo 

V 2 2 


s\soCe 

V 2 2 

s * c l 

S(f)C(f)C9. 



4 / 


(35) 


so = sin co = cos §. 

2 ^2 Z 

All fermionic mass matrices are determined by a universal matrix M as in the previous 
ansatz [ 8 , 9]. But unlike them, the presence of D in eqs. (33,34) changes the mixing 
patterns and allows large mixing for leptons even before perturbations are introduced. 

If only partial universality is assumed: V' ^ V, then from eq. (3) we find (M° p ) i:) - = 
m 3 u P V- 3 Vj 3 . One can choose a parameterization for V' in such a way that Ml p gets related 
to a matrix having the same form as in eq. (35) but with different mixing angles. 

We can further absorb the complex matrices D by the redefinition of fields: 


f = D*f ( f = u L ,u c Ll d Ll d c L ,u L ), l LM = Dl' LyR . (36) 

In the basis /', all the matrices equal M. Notice that in the new basis the charge 
current for the second generation of leptons has an opposite sign with respect to all other 
currents. 

Since the universal matrices are singular (rank 1 ) this scenario can not be realized in 
the context of the see-saw with the same universal structure of M ri . One needs to assume 
that Mr is non-singular but is still diagonalized by the same rotation as M u c>. 

Let us consider the structure of the universal matrix M. Define e± = sin (f> and 62 = 
sin|. According to eq.(23) both e± and 62 are relatively small parameters, 0.3 < e± < 0.4 
and 0.25 < 62 < 0.34. Then M assumes the following form if only the leading terms in 
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Ci, e 2 are kept: 


M 


^ e l e 2 e l e 2 e l e 2 \ 

e?e 2 e? ei 

\ ^1^2 Cl 1 / 


(37) 


An ansatz very similar to eq. (37) was proposed in [9] for all fermion masses. The M 
in eq. (37) coincides with the ansatz in [9] if one identifies e t and e 2 with the parameter 
A of [9]. The phenomenologically required values for ei,e 2 are not very different from the 
value A ~ 0.26 used in [9]. In the present case, the above form for Mj arises from the 
basic ansatz and Vp MNS determines ei,e 2 . 

The specific form in eq. (37) has interesting consequences which were elaborated in 
[9]. One naturally gets hierarchical masses and the correct hierarchy in the quark mixing 
angles when small perturbations are added to this ansatz. We shall come back to these 
in sect. 6. 

Another possibility to introduce the universal mass matrix is to assume that in the 
lowest approximation P 2 = I, and for all fermions the diagonal mass matrices have the 
same hierarchy of the eigenvalues: D 0 = diag(mi, m 2 , m3). Then the universal matrix 
equals M = VDqV t . In this case the RH neutrino mass matrix can also have the universal 
form. 

Two different universal diagonal matrices for up and down particles D° up and D® own 
can be introduced in the context of partial universality, eq. (3). 


5 Corrections to and mixing 

The above ansatz needs corrections to account for the non-trivial quark mixing. Similar 
corrections to the lcptonic sector would change the PMNS matrix as well. These two 
corrections may be independent or may also show some quark-lepton symmetry thus 
leading to kind of complementarity related to the zero order mixing Vp MNS . Notice that 
in [10] a bi-maximal form for Vp MNS was assumed which leads to numerical relations 
between the solar and the Cabibbo angle such as 9® = 7t/4 — 6c- In the present case, the 
quark and lepton mixings differ by the angles of the zero order matrix. 

Let us add a perturbation 5Mf to Mj? and consider 

M f = Mj? + 8M f . (38) 

5Mf would lead to additional mixing Vf. Referring to the first scenario (sect. 2) we 
define, 

VfV^M f V*Vf = D f f = u,uD,R, 
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( 39 ) 


V\v'M d VV d = D d , 

Vi T V T M,y*V 1 * = Di , 

where Df are the diagonal mass matrices after corrections. For simplicity, we have as¬ 
sumed SMf to have the same symmetry properties as M°, he., symmetric for / = u, uD, R 
and hermitian for f — d,l. Eq. (6) now gets replaced by 

A4i, = —M uD M r M vD , 

= —V K d TD v T t V^ d V t , (40) 

where T satisfies 

TD„T t = D vD (Vr D VZ)D- R '(Vr D VZ) T D l , D (41) 

and D u is a diagonal matrix of the light neutrino masses. It follows from the above that 


K = VV vD T. 

This together with eq. (39) give us 

VCKM = v*v d , 

Vpmns = bj VZmnsVvdF ■ (42) 

The Vckm and corrections to Vp MNS depend upon the perturbations. One can assume 
that they have similar origin and turn out to be of the same order. 

Here we explore phenomenological consequences of assumption that the leading cor¬ 
rections to mixing display a quark-lepton symmetry. 

Consider, e.g., the following simplest possibility: 

(i) The CKM matrix arises essentially from corrections to the down quark matrix: V d ~ 
Vckm and V u « 1. 

(ii) The charged lepton and the Dirac neutrino mixing matrices satisfy V d ~ V)* (which 
corresponds to the zero order relation) and V v u = V u ~ 1. 

(in) M r receives very small corrections, so that Vr ~ 1. 

The above assumptions imply T ~ 1 in eq. (41) and the following relation 


VpMNS — V CKM V PMNS . 


(43) 


The Vpmns is no longer a symmetric matrix because of the presence of the CKM matrix 
on the left. Also, the matrix P on the left of eq.(17) now cannot be absorbed directly in 
redefining the charged lepton fields and can be physically relevant. The results presented 
below assume P — 1. 
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The eq. (43) can be rewritten as VckmVpmns — Vpmns showing a kind of comple¬ 
mentarity of the quark and lepton mixings. 

In the first approximation we can neglect 2-3 and 1-3 quark mixing considering Vckm ~ 
V 12 (@c)- We then obtain: 

Vpmns — V? 2 (6 c ) U{0,4>) , (44) 

where U(9,<p) is given in (17). The additional 1-2 rotation in (44) modifies all zero order 
mixing angles. It is easy to show that for large (nearly maximal) 2-3 mixing, this rotation 
simultaneously increases (or diminishes) 0° l2 and 9® 3 . Due to smaller value 9 23 , the relative 
changes of the 1-3 mixing is stronger than 1-2 mixing. Therefore by ~ 9c rotation one 
can improve fit of the data in comparison with zero order mixing by 

1) taking larger values of (j) and 6 than in (23); this will lead to larger zero order values 
of 9 1 2 and 9 33 ; 

2) performing 9q rotation which reduces 1-2 and 1-3 mixing. Since reduction of the 
1-3 mixing is stronger, we obtain smaller than in the previous case values of 9 13 for the 
allowed values of 9 V2 . 
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Figure 2: The contours of constant values of the neutrino oscillation parameters in the 
(p — 9 plane in the presence of the perturbations specified in the text. The dotted curves 
are for 9 V2 = 30.6°, 34°, 37°. The dashed curves correspond to sin 2 9 23 = 0.34, 0.5, 0.62 
and the solid curves to sin 9 Ui = 0.09, 0.14, 0.17. Central lines correspond to the best fit 
values and the outer ones restrict the 2a allowed regions. 
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These features can be seen in Fig. 2, where we show 2 a allowed ranges of observables 
in the 0 — 9 plane. The full Vckm instead of V\ 2 (0<?) is used in drawing this figure. Unlike 
in the zeroth order case, now a sizable intersection region occurs at 2cr which corresponds 
to 


0 « 20° - 28°, 6 « 42° - 48° , 

| sin 6> 13 1 ~ 0.09 - 0.17. (45) 

We find that at 3cr level sin #13 still has a lower bound | sin #13) ~ 0.08 which can be 
tested in the next generation of experiments. The best fit values of observables tan 2 d 12 = 
0.45, sin 2 26*23 = 1 and sin 0 Vi = 0.13 are obtained for 6 = 46.01°, 0 = 23.6°. 

In case of the partial universality, Vpmns is obtained by the right multiplication of 
V T V with Vq KM , eq.(9). In this case, starting with initially negative tan# 12 , the U 12 (#c) 
rotation increases the value of tan 2 9 12 without affecting #13. As a consequence, one can 
obtain a good fit to data by initially choosing smaller values of 0, 6 corresponding to a 
smaller 6*13 and #i 2 . Cabibbo rotation then increases the solar angle to the required value. 
Indeed, one finds (again using full Vckm) that eq. (9) can reproduce the best fit values 
tan 2 6*12 = 0.45, sin 2 d 23 = 0.5, and predicts sin #13 = 0.13 with 9 = 22.35°, 0 = 24.34°. 


6 Universal mixing and mass hierarchies 


We now discuss specific perturbations to M® which approximately reproduce the scenario 
outlined above. Following [9], we assume that (M“)y receives sub-leading corrections 
parameterized by S{j < 0(e i,e 2 ), and the M in eq.(37) changes after perturbations to 


M f = 


( e l e 2(l+^ll) 

efe 2 (l + S{ 2 ) 

V e l e 2(l + ^13) 


,2, (1 1 xf \ , , a 1 r/ \ \ 

tit 2(±-rOi2j e l e 2 f i w o 13 j 

t?(l T 3 22 ) ti(l + <5 23 ) 

ti(l + ^ 23 ) 1 / 


(46) 


Here / refers to all fermions and 6{j are taken to be real. These perturbations generate 
(i) masses for the first two generations, (ii) non-trivial CKM matrix, and (Hi) corrections 
to Vp MNS . The ratios of masses are given by [9] 


/ 

m J 2 

7 

m 3 

f 

rn\ 

7 

m3 


e l (^22 — 2 ( 5 23 ) , 

e ?£2 (4 - 2 S ; 3 - 



( 47 ) 


The above relations hold for all fermions including the right handed neutrinos. 
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The corrected Mf is diagonalized as in eq.(39). The correction Vf to the zeroth order 
matrix can be found by approximately diagonalizing Mf through successive rotations [9]. 
This procedure leads to 


V f « P* 


( 1 

-e 2 (l - h f ) 

\ -eie 2 (^23 /?/ - S[ 3 ) 


-e 2 (l - h f ) -eie 2 (54 - 5 4) > 

— 1 —e 1^23 

e 1^23 “! / 


(48) 


where 



The mixing matrices follow from the eqs. (48) and (42). As noted in [9], the above Vd, u 
automatically lead to hierarchical mixing angles for quarks, V us eS,V ub r s-/ ^ S. 

As regards the leptonic sector, the basic mixing is still given by 9 , (j) and perturbations 
generate additional corrections. 

The main problem is to reconcile the proposed universality of mixing and strongly 
different mass hierarchies of quarks and leptons. Let us show that it is possible for 
particular choice of parameters 5. We assume that perturbations to satisfy 



(49) 


In this case m 2 /m 3 ~ e(5f and h/ = 1. Consequently, effect of corrections is only to 
induce masses for the first two generations as in eq. (47). The mixing remains unchanged 
to leading order and is given by V since Vf (eq. (48)) has only diagonal elements when 
conditions (49) are imposed. Due to equality (49), correction to the 1-2 mixing appears 
in the higher order in e: 

A«12 « - i) • (50) 

If 54 = 5? the correction is zero, but since 5? ^ 0 the mass of second eigenvalue can be 
changed arbitrary (within the application limits). This illustrates that certain symmetry 
(equalities) of corrections can lead to unchanged mixing but different hierarchies. 

Perturbations to the down quark and the charged lepton mass matrices should generate 
the CKM mixing and therefore S( 122 (for f — d,l) do not satisfy eq. (49). Freedom in 
these parameters is enough to reproduce the Vckm, Vpmns and the mass hierarchies 
correctly. We have checked numerically that this can be done with corrections 5* < 0.3. 


7 Universality and Unification 

Our ansatz is based on the eqs. (1,3,5). We now show that these relations can be obtained 
in an 50(10) model with some assumptions. Specific model that we discuss gives eq.(l) 
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and the following relations: 


K = K T = -1/3 m? d = m ° R , (51) 

where (3 is the ratio of the weak scale to the right-handed neutrino mass scale. These 
equalities allow a single unitary matrix V' to simultaneously diagonalize M®,M® D and 
Mr as in eqs.(3,5) and lead to eq. (10). 

The eqs. (1,51) arise from the following 50(10) invariant couplings in the super 
potential: 

Wi = j^(16?H)(H rr 16 j ) + 5(1 6fH')(H T 16,) (52) 

W u = ,%16^ 16/1> . (53) 

ffere, H, H' are 16-plets of Higgs; 16 refer to the fermions and i, j are generation indices. 
<f> is a 126-plet. The mnltiplets in the parenthesis in eq.(52) are contracted to form 50(10) 
vectors. Two remarks are in order. 

• The superpotential (52) was used in [4] to obtain eq. (1). Since the 16-plet contains 
only the Higgs doublet Hd with hypercharge —1/2, eq.(52) gives mass only to the 
charged leptons and the down quarks. The H, H' contain neutral fields with the 
quantum numbers of is, is c . Vacuum expectation value (vev) for v c breaks 50(10) 
preserving SU(5). This leads to 50(5) relation eq. (1) when is, is c components of 
H, H' acquire vevs. 

• 126 contains both the up type and the down type doublets, H u ^, and triplets, A l,r 
under respective 50(2) groups. Vacuum expectation value for H u held generates 
eq. (51). One needs to assume here that H c i component in 126 has zero vev at 
the minimum or that its contribution to M c i, Mi is sub-dominant compared to the 
contribution from the superpotential (52). 

This example demonstrates that differences in quark and lepton mixings can naturally 
arise in 50(10) scheme. The mixing matrices satisfy the complementarity relation eq. 
(10) if Md is Hermitian. ft is non-trivia! to derive the relation V' = V used in the ansatz 
and may require a larger quark-lepton symmetry not envisaged in 50(10). 

8 Discussion 

We discuss here some open questions. The proposed ansatz requires complete universality 
and treats the right handed neutrinos also on similar footings as other fermions in version 
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I. Actually the right handed neutrino masses may have different origin and may not show 
complete universality. Some of the above considerations remain valid even if the right 
handed neutrinos display different mixing pattern, i.e., 

vr = V R u R , (54) 


This changes eq.(6) and V RMNS to 


Ml = -VD u d VD° r - 1 V t D° d V t , 


V, 


o 

PMNS 


= V T VD° , 


where V = V t Vr is a general unitary matrix and JF° is defined as 


* = D° u 


(55) 

(56) 


(57) 


Also in this case, one does get different mixing matrices for quarks and leptons as required. 
The Vp MNS is no longer strictly symmetric. Corrections due to JF° can be small due to 
hierarchy in masses Dp if the diagonal elements of V D Q R ~ l V T are not suppressed due to 
phases in V. In the converse case, some large mixing angle may come from JF° and the 
restrictions on (j), 9 may get non-trivially modified. 

The realization of the second version of our ansatz would require special neutrino 
structures and some additional symmetry to realize it. A simple possibility is using 
the type-II seesaw [7] in which case one requires eq. (16). The same version can be 
realized using type-I seesaw provided that Mr has a specific structure. Assuming that 
all the Dirac mass matrices, including the Dirac mass matrix of neutrinos have the same 
universal structure as (13) we can determine Mr to have a form 

Mr = VDp>Vp MNS D v 1 VpmnsDdV t , 

= (D j D d D t )(I/D; 1 I/ t )(I/D Z) D t ) . (58) 


All the matrices should be non-singular here. Notice that Mr turns out be product of 
three diagonal mass matrices all rotated through V. It would be interesting to look for 
special symmetries enforcing eq. (58) 
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Before closing, let us recapitulate: 

1) . Motivated by the SU(5) relation between mass matrices of the charged leptons and 
down quarks we proposed a universal ansatz for the fermion mixing. According to this 
ansatz there exists certain (universality) basis in which mass matrices of all fermions but 
charge leptons (or neutrinos) are diagonalized by the same rotation matrix V at the lowest 
order. The matrix for charged leptons (or neutrinos) is diagonalized by the conjugate V*. 
This leads to an absence of quark mixing but non-trivial lepton mixing given by Vp MNS = 
K T K. 

In this way we have realized an idea that difference in the quark and lepton mixing ap¬ 
pears in some lowest approximation: the quark mixing is zero and the lepton mixing is 
non-trivial and, in general, large. The CKM mixing is realized as the correction. 

2) . We studied properties of the lowest order mixing matrix. Vp MNS is symmetric matrix 
characterized by two physical angles 9 and 0. We showed that Vp MNS is rather close to 
the observed mixing matrix for 0/2^0 = 20 — 25°. Furthermore, the generic feature of 
Vpmns i s that the 1-3 mixing is close to the present upper bound. 

3) . The universal mixing matrix can follow from universal mass matrices of fermions. A 
natural realization is the one in which the mass matrices have only one (third) non zero 
eigenvalue in the lowest order. 

4) . We considered corrections to the lowest (universal) approximation which (a) generate 
the CKM-mixing; (b) modify Vp MNS leading to better agreement with observations, in 
particular, decrease sind 13 . 

Assuming (for simplicity) the quark - lepton universality, in which the correction ma¬ 
trix for lepton mixing equals (or similar to) the CKM matrix we obtain good agreement 
of Vp MNS with data. In this case we predict sind 13 > 0.08 which can be tested in the 
next generation of experiments. 

5) . The suggested ansatz can be embedded into SU(5) and SO(IO) GU models. 
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